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COHERENT SYSTEMS OF PROBABILITY MEASURES ON
GRAPHS FOR REPRESENTATIONS OF FREE FROBENIUS
TOWERS
HENRY KVINGE
Abstract. First formally defined by Borodin and Olshanski, a coherent
system on a graded graph is a sequence of probability measures which re-
spect the action of certain down/up transition functions between graded
components. In one common example of such a construction, each mea-
sure is the Plancherel measure for the symmetric group Sn and the down
transition function is induced from the inclusions Sn ãÑ Sn`1.
In this paper we generalize the above framework to the case where
tAnuně0 is any free Frobenius tower and An is no longer assumed to be
semisimple. In particular, we describe two coherent systems on graded
graphs defined by the representation theory of tAnuně0 and connect
one of these systems to a family of central elements of tAnuně0. When
the algebras tAnuně0 are not semisimple, the resulting coherent systems
reflect the duality between simple An-modules and indecomposable pro-
jective An-modules.
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1. Introduction
Study of the asymptotic representation theory of symmetric groups has
uncovered deep results through the synthesis of techniques from probability
theory, combinatorics, and algebra. One idea frequently used both implicitly
and explicitly in this field is that of a coherent system. Coherent systems
were first formally defined in [4] where they are a key part of the frame-
work used to construct infinite-diffusion processes. Given a graded graph
with vertex set V “
Ť
ně0 Vn, a coherent system consists of a sequence of
1
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probability measures tMnuně0 on the graded components of V , which are
consistent with the action of a down transition function pÓ between compo-
nents.
A basic example of this construction occurs when Pln is taken to be
the Plancherel measure on Yn. The sequence tPlnuně0 is coherent with
respect to down and up transition functions each controlled by the number
of standard Young tableau of appropriate shape. On the other hand, this
coherent system can also be described in terms of the representation theory
of the tower of symmetric group algebras tCrSnsuně0. From this point of
view, Pln is defined via the decomposition of the left regular representation
of CrSns into a direct sum of simple CrSns representations, and pÓ and pÒ
are defined via induction and restriction functors.
One of the main goals of this paper is to understand what assumptions
are necessary to generalize the above construction to an arbitrary tower of
algebras tAnuně0. We show that when for all n ě 0:
(1) the induction and restriction functors between An representations
and An`1 representations are biadjoint (so that An`1 is a Frobenius
extension of An),
(2) An`1 is a free pAn, Anq-bimodule,
then there a two coherent systems that generalize the Plancherel system
corresponding to tCrSnsuně0. The observation that there are two such sys-
tems to choose from reflects the fact that when An is not semisimple, there
arises a distinction between simple An-modules and indecomposable projec-
tive An-modules. In particular, in one coherent system the down transition
functions are controlled by the dimensions of simple An-modules and the
up transition functions are controlled by the dimensions of indecomposable
projective An-modules, while in the other coherent system the reverse is
true.
That the existence of coherent systems should depend on categorical con-
ditions is not surprising given the recent appearance of coherent systems
within categorical representation theory. It was shown in [16] for example,
that certain moments associated to down/up transition functions for the
tower tCrSnsuně0 appear naturally within the center of Khovanov’s Heisen-
berg category [14], a monoidal category which conjecturally categorifies the
infinite dimensional Heisenberg algebra. A similar phenomenon [17] was
observed for down/up transition functions associated to towers of Sergeev
algebras, which appear in the twisted Heisenberg category of Cautis and
Sussan [7].
In the classical case of tCrSnsuně0, Biane observed that data related to
pÓ is encoded by elements of tZpCrSnsquně0 [2]. This allows for certain
questions related to asymptotic processes to be translated into algebraic/-
combinatorial questions. We show that when each An in the free Frobenius
tower tAnuně0 is further assumed to be a symmetric Frobenius algebra, then
there are families of elements in tZpAnquně0 which encode data not only for
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pÓ, but also pÒ. We plan to investigate these elements and their possible
connection to symmetric functions in greater detail in a later paper.
One of the broader goals of this work is to pave the way for studies
of the asymptotic representation theory of more exotic towers of algebras.
In particular, because of their connections to Lie theory and geometry, we
think that understanding the asymptotic representation theory of the wreath
product algebras attached to a Frobenius algebra F would be particularly
interesting (see Example 2.1.3). Degenerate cyclotomic Hecke algebras are
another natural generalization of symmetric groups (see Example 2.1.4).
This family of non-semisimple towers of algebras has deep connections to
Lie theory [15, Part 1]. Furthermore, as their representation theory is in-
dexed by certain multipartitions, we hypothesize that using the coherent
systems described in this paper, an entire new family of limit shapes could
be constructed.
The paper is structured as follows: in Section 2 we review Frobenius
extensions and Frobenius towers. In Section 3 we describe the representation
theory of Frobenius towers particularly in relation to elements from the
centralizers tZpAn`1, Anquně0. In Section 4 we define a pair of coherent
systems on certain graphs attached to free Frobenius towers and connect
one of these to a family of central elements. Finally in Section 4.1 we discuss
future directions of research.
Acknowledgements: The idea for this paper arose from extended dis-
cussions with Anthony Licata. The author would like to thank him for these
and for continued feedback during the course of this paper’s development.
Without his help, it is unlikely that this paper would have been written. The
author would also like to thank Alistair Savage, Monica Vazirani, Leonid
Petrov, and Ben Webster for helpful discussions.
2. Frobenius extensions and Frobenius towers
In this section we review some of the basic properties of Frobenius exten-
sions and Frobenius towers. All the algebras that we introduce are assumed
to be finite-dimensional C-algebras unless otherwise stated. We point the
reader toward [12] for a detailed introduction to Frobenius extensions as well
as a more diverse set of examples.
Recall that a tower of C-algebras tAnuně0 is a nested sequence of algebras
A0 Ă A1 Ă A2 Ă . . . (1)
In this paper we will always assume that A0 “ C which adds nice properties
to the tower. Due to the inclusions in (1), for any 0 ď k1, k2 ă n, An is
an pAk1 , Ak2q-bimodule, with the action of Ak1 given by the natural left-
multiplication against An and the action of Ak2 given by the natural right-
multiplication against An. When considering An as a bimodule we will
sometimes use the following notation:
‚ To denote An as a pAk1 , Ak2q-bimodule we write k1pAnqk2 .
‚ To denote An as a pAk1 , Anq-bimodule we write k1pAnq.
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‚ To denote An as a pAn, Ak2q-bimodule we write pAnqk2 .
‚ To denote An as a pAn, Anq-bimodule we write An.
This bimodule structure defines a restriction functor ResAnAk : An -Mod Ñ
Ak -Mod and an induction functor Ind
An
Ak
: Ak -Mod Ñ An -Mod for each
0 ď k ă n, where Ak -Mod (resp. An -Mod) is the category of finite-
dimensional Ak-modules (resp. An-modules). Specifically for N P An -Mod
and K P Ak -Mod,
N
Res
An
AkÝÝÝÝÑ kpAnq bAn N. (2)
and
K
Ind
An
AkÝÝÝÝÑ pAnqk bAk K. (3)
Henceforth for brevity we write
Indnk :“ Ind
An
Ak
and Resnk :“ Res
An
Ak
when the tower of algebras is understood from the context. Via (2) we
can identify Resnk with the pAk, Anq-bimodule kpAnq and via (3) we can
identify Indnk with the pAn, Akq-bimodule pAnqk. This description allows us
to translate natural transformations between compositions of the functors
Resnk and Ind
n
k into bimodule homomorphisms between tensor products of
kpAnq and pAnqk.
Example 2.1. (1) The tower of symmetric group algebras tCrSnsuně0
is our motivating example for this paper. Recall that Sn is generated
by Coxeter generators s1, s2, . . . , sn´1 subject to relations
s2i “ 1, 1 ď i ď n´ 1, (4)
sisj “ sjsi, |i´ j| ą 1, 1 ď i, j ď n´ 1, (5)
sisi`1si “ si`1sisi`1, 1 ď i ď n´ 2. (6)
We will always assume that the inclusion Sk ãÑ Sn is the stan-
dard one with Sk mapping to the subgroup of Sn generated by
s1, s2, . . . , sk´1. By linear extension this defines an inclusion CrSks ãÑ
CrSns.
(2) Recall that the Clifford superalgebra Cln is the unital associative
algebra with n generators c1, c2, . . . , cn such that for 1 ď i, j ď n:
c2i “ 1 and cicj “ ´cjci for i ‰ j.
The superalgebra structure is defined by setting each generator ci
to be an odd element. The Sergeev superalgebra is defined as Sn :“
Cln¸CrSns, where the action of Sn is given by permuting the indices
of c1, c2, . . . , cn so that:
sici “ ci`1si, 1 ď i ď n´ 1,
sici`1 “ cisi, 1 ď i ď n´ 1,
sicj “ cjsi j ‰ i, i` 1.
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The Sergeev algebras form a tower tSnuně0 via the embedding
Sn ãÑ Sn`1
which sends ci ÞÑ ci for 1 ď i ď n and si ÞÑ si for 1 ď i ď n´ 1.
One reason that Sergeev algebras are interesting is that studying
simple representations of tSnuně0 is equivalent to studying projective
representations of tSnuně0. See [15] and [24] for detailed studies of
the algebras tSnuně0, their representation theory, and connections
to combinatorics and Lie theory. tSuně0 is another tower of algebras
whose asymptotic representation theory has been well-studied, see
for example [9], [10], [3], [21].
(3) Let F be a Frobenius graded superalgebra (that is, F is Z ˆ Z2
graded). The symmetric group Sn acts on F
bn by superpermu-
tations. More precisely, for homogeneous f1, f2, . . . , fn P F and
1 ď i ď n´ 1,
si ¨ pf1 b ¨ ¨ ¨ b fi b fi`1 b ¨ ¨ ¨ b fnq (7)
“ p´1qf¯i
Ęfi`1pf1 b ¨ ¨ ¨ b fi`1 b fi b ¨ ¨ ¨ b fnq
where f¯i and Ěfi`1 denote the Z2-degree of fi and fi`1 respectively.
The wreath product algebras tFbn ¸ Snuně0 induced from (7)
form a tower via the embedding
Fbn ¸ Sn ãÑ F
bpn`1q ¸ Sn`1
which for f1, . . . , fn P F and ω P Sn sends
pf1 b ¨ ¨ ¨ b fnqω ÞÑ ppf1 b ¨ ¨ ¨ b fn b 1qω.
Fbn ¸ Sn also inherits a pZ ˆ Z2q-grading from F by setting Sn to
sit in degree p0, 0q.
In fact, Example 2.1.2 is a special case of Fbn¸Sn with F “ Cl1.
For a description of the representation theory of Fbn ¸ Sn in the
non-super, ungraded setting see [19, Theorem A.5], while for the
super, graded case see [22, Section 4].
(4) The degenerate affine Hecke algebra Hn is generated by elements
s1, s2, . . . sn´1 and x1, x2, . . . , xn, such that s1, . . . , sn´1 satisfy rela-
tions (4)-(6), x1, . . . , xn commute, and:
sjxi “ xisj, i ‰ j, j ` 1,
sixi “ xi`1si ´ 1, 1 ď i ď n´ 1.
Thus as a C-vector space
Hn – Crx1, . . . , xns b CrSns.
Let P` be the dominant weight lattice for g “ sl8 and let I be
the associated Dynkin indexing set. Also let λ “
ř
iPI λiωi P P
`
where λi P Zě0 and ωi is the ith fundamental weight. The integer
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d “
ř
iPI λi is called the level of λ. Let I
λ be the two-sided ideal of
Hλn generated by the elementź
iPI
px1 ´ iq
λi .
The quotient algebra Hλn “ Hn{I
λ is called the degenerate cyclo-
tomic Hecke algebra associated to λ. By abuse of notation we write
xi, si P H
λ
n for the images of xi, si P Hn in this quotient. H
λ
n is finite
dimensional, with the set
txt1
1
xt2
2
. . . xtnn σ | t1, t2, . . . , tn ă d, σ P Snu
being a basis [15, Theorem 3.2.2], so that dimpHλnq “ d
nn!. The
algebras tHλnuně0 generalize symmetric group algebras because when
λ “ ω0, H
λ
n – CrSns.
The collection tHλnuně0 forms a tower via the embeddings
Hλn ãÑ H
λ
n`1
which send xi ÞÑ xi for 1 ď i ď n and si ÞÑ si for 1 ď i ď n´ 1. The
tower tHλnuně0 has a rich representation theory which is described in
detail in [15, Part I]. In particular it has a crystal structure isomor-
phic to the highest weight crystal Bpλq in affine type A. The algebras
Hλn will be one of our prime examples of a tower of non-semisimple
algebras.
In all the examples above, we follow the usual convention that A0 “ C.
Remark 2.2. It is worth noting that all the examples in Example 2.1 are
particular instances of cyclotomic wreath product algebras as defined in [23].
While we could have thus presented a single unified example, we felt it was
more appropriate to partition our examples into digestible chunks as above
for the benefit of the reader that may not be familiar with cyclotomic wreath
product algebras.
For 0 ď k ă n it is always the case that the functor Indnk is left adjoint
to Resnk . This is known as Frobenius reciprocity . When Res
n
k is also left
adjoint to Indnk , so that pInd
n
k ,Res
n
kq are a pair of biadjoint functors, then
we say that An is a Frobenius extension of Ak. When in addition kpAnqk is
a free pAn, Anq-bimodule, then we say that An is a free Frobenius extension
of Ak. If An`1 is a Frobenius extension of An for all n ě 0 in the tower
tAnuně0, then we say that tAnuně0 is a Frobenius tower . When An`1 is a
free Frobenius extension of An for all n ě 0, then we say that tAnuně0 is a
free Frobenius tower .
Theorem 2.3. [1, Corollary 1.2] The algebra An`1 is a free Frobenius ex-
tension of An if and only if there is a pAn, Anq-bimodule homomorphism
En`1,n : npAn`1qn Ñ An,
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a finite set of elements Bn`1,n Ă An`1, and a vector space isomorphism
_ : An`1 Ñ An`1 such that for any a P An`1,
a “
ÿ
bPBn`1,n
En`1,npab
_qb “
ÿ
bPBn`1,n
b_En`1,npbaq. (8)
We call Bn`1,n and B
_
n`1,n a dual basis pair , En`1,n a Frobenius homo-
morphism, and the triple pEn`1,n, B,B
_q a Frobenius system.
Corollary 2.4. When An`1 is a free Frobenius extension of An then Bn`1,n
is a basis for An`1 as a left An-module, B
_
n`1,n is a basis for An`1 as a right
An-module, and
En`1,npbpb
1q_q “ δb,b1 for any b, b
1 P Bn`1,n.
Example 2.5. All the towers listed in Example 2.1 are examples of free
Frobenius towers. We describe their Frobenius homomorphisms and exam-
ples of dual bases below.
(1) For An`1 “ CrSn`1s and An “ CrSns, En`1,n : CrSn`1s։ CrSns is
defined on group elements so that for g P Sn`1
En`1,npgq “
#
g if g P Sn
0 otherwise.
Alternatively, since as an pCrSns,CrSnsq-bimodule CrSn`1s decom-
poses as
npCrSn`1sqn – CrSns ‘
´
CrSns bCrSn´1s CrSns
¯
, (9)
then En`1,n can also be viewed as projection onto the first summand
on the right side of (9).
One choice for Bn`1,n is the set of right coset representatives of
Sn in Sn`1. Then B
_
n`1,n is the set of left coset representatives of
Sn in Sn`1. In particular, one dual basis pair is
Bn`1,n “ tsnsn´1 . . . si | 1 ď i ď n` 1u
and
B_n`1,n “ tsi . . . sn´1sn | 1 ď i ď n` 1u
(here, the convention is that when i “ n ` 1, the corresponding
element is the identity). Note that in this case b
_
ÞÝÑ b_ sends an
element of Bn`1,n to its inverse.
(2) Let F be a Frobenius graded superalgebra with trace map tr : F Ñ C
of degree p´δ, τq P Z ˆ Z2. Let BF and xBF be homogeneous dual
bases of F with respect to tr.
If tAnuně0 “ tF
bpnq¸Snuně0, then from [22, Proposition 3.4], as
an pAn, Anq-bimodule An`1 decomposes as
npAn`1qn –
´ à
bPBF
p1b ¨ ¨ ¨ b 1b bqAn
¯
‘
´
An bAn´1 An
¯
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and
p1b ¨ ¨ ¨ b 1b bqAn – Π
b¯An,
where Π : An -Mod Ñ An -Mod is the parity shift functor (recall
that b¯ P Z2 is the parity of b in the Z2-grading). Then En`1,n :
An`1 Ñ An corresponds to the pAn, Anq-bimodule homomorphism
that first projects
An`1 ։
à
bPBF
p1b ¨ ¨ ¨ b 1b bqAn
followed by an pAn, Anq-bimodule homomorphismà
bPBF
p1b ¨ ¨ ¨ b 1b bqAn ։ An.
From [22, Proposition 3.4], for f1, . . . , fn`1 P F and σ P Sn`1,
En`1,n
´
pf1 b ¨ ¨ ¨ b fn`1qσ
¯
“
#
p´1qτp
Ďf1`¨¨¨`Ďfnq trpfn`1qpf1 b ¨ ¨ ¨ b fnqσ if σ P Sn
0 otherwise.
Corresponding dual bases are
Bn`1,n “ tp1
bn b bqsn . . . si | b P BF , 1 ď i ď n` 1u
and
B_n`1,n “ tsi . . . snp1
bn b bq | b P xBF , 1 ď i ď n` 1u.
(3) For λ P P` with λ of level d, by [15, Lemma 7.6.1], as an pHλn ,H
λ
nq-
bimodule, Hλn`1 decomposes as
npH
λ
n`1qn –
´ d´1à
j“0
Hλnx
j
n`1
¯
‘ pHλn bHλn´1
Hλnq
where Hλnx
j
n`1 – H
λ
n . Then En`1,n : H
λ
n`1 ։ H
λ
n corresponds to
projection to the summand Hλnx
d´1
n`1. Recall that in the case where
λ “ ω0 then H
λ
n – CrSns, and En`1,n is the Frobenius homomor-
phism described in Example 2.5.1.
Define
yn,k :“
d´1ÿ
t“k
p´1qd´1´txt´kn det
´
En,n´1px
d`j´i
n q
¯
i,j“1,...,d´1´t
where the determinant in this expression is 1 when t “ d ´ 1. By
[20, Proposition 5.11], a pair of dual bases with respect to En`1,n is
Bn`1,n “ t sn . . . siyi,a | i “ 1, . . . , n` 1, a “ 0, . . . , d´ 1 u
and
B_n`1,n “ t x
a
i si . . . sn | i “ 1, . . . , n` 1, a “ 0, . . . , d´ 1 u.
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While we only required that the algebra An`1 immediately above An be a
Frobenius extension of An, this assumption is in fact enough to ensure that
for any 0 ď k ă n` 1, An`1 is a Frobenius extension of Ak.
Proposition 2.6. [12, Section 1.3] Let tAnuně0 be a Frobenius tower. Then
for any 0 ď k ă n, An is a Frobenius extension of Ak with Frobenius
homomorphism En,k :“ Ek`1,k ˝ ¨ ¨ ¨ ˝En,n´1, and dual basis pair
Bn,k :“ tb
pk`1q . . . bpn´1qbpnq | bpiq P Bi,i´1 u
and
B_n,k :“ tpb
pnqq_pbpn´1qq_ . . . pbpk`1qq_ | bpiq P Bi,i´1 u.
Remark 2.7. As a consequence of the assumption that A0 “ C, each An
in the Frobenius tower tAnuně0 is actually a Frobenius algebra with trace
En,0 : An Ñ C.
When for all a, a1 P An,
En`1,kpaa
1q “ En`1,kpa
1aq
then we say that An`1 is a symmetric Frobenius extension of Ak. Note
that when this property is true for En,0, then An is a symmetric Frobenius
algebra (also known as a symmetric algebra). We will generally assume that
each An in our tower tAnuně0 is symmetric as a Frobenius algebra (this is
true for all towers in Example 2.5), though we do not assume that En,k is
symmetric for k ą 0 (this is not true for tHλnuně0 in Example 2.1.4).
The Frobenius homomorphism En,k actually gives the co-unit of the ad-
junction of the functor Resnk and its right adjoint Ind
n
k . That is, the natu-
ral transformation ǫn,k : Res
n
k Ind
n
k Ñ 1 can be translated to an pAk, Akq-
bimodule homomorphism from kpAnq bAn pAnqk – kpAnqk to Ak. This
homomorphism is En,k.
In the language of bimodules, the unit ηn,k : 1 Ñ Ind
n
k Res
n
k of the ad-
junction with Indnk the right adjoint of Res
n
k defines an pAn, Anq-bimodule
homomorphism Hn,k : An Ñ pAnqk bAk kpAnq. For a P An, Hn,k sends
a
Hn,k
ÞÝÝÝÑ
ÿ
bPBn,k
ab_ b b.
For any c P An, c defines an pAn, Anq-bimodule homomorphism
Tc,n,k : pAnqk bAk kpAnq Ñ pAnqk bAk kpAnq
via the assignment such that for ab a1 P pAnqk bAk kpAnq,
ab a1
Tc,n,k
ÞÝÝÝÑ acb a1.
Finally, there is an pAn, Anq-bimodule homomorphism Mn,k : pAnqk bAk
kpAnq Ñ An, known as themultiplication map which maps aba
1 P pAnqkbAk
kpAnq to
ab a1
Mn,k
ÞÝÝÝÑ aa1
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(in fact this is the co-unit of the adjunction of Indnk with Res
n
k as its right
adjoint).
We then define Nn,k : An Ñ An so that for c P An,
c ÞÑ pMn,k ˝ Tc,n,k ˝Hn,kqp1q “
ÿ
bPBn,k
b_cb.
Remark 2.8. When tAnuně0 is the tower of Iwahori-Hecke algebras, the
map Nn,k is sometimes referred to as the relative norm [11].
2.1. The centers of tAnuně0. We write ZpAnq for the center of An and
ZpAn, Akq for the centralizer of Ak in An. That is
ZpAn, Akq :“ t a P An | aa
1 “ a1a, for all a1 P Aku.
Proposition 2.9. For all 0 ď k ă n:
(1) En,k : An Ñ Ak maps ZpAn, Akq into ZpAkq.
(2) Nn,k : An Ñ An maps An into ZpAnq.
Proof. Part (1) follows from the fact that En,k is a pAk, Akq-bimodule ho-
momorphism. Let a P ZpAn, Akq. Then for any a
1 P Ak,
a1En,kpaq “ En,kpa
1aq “ En,kpaa
1q “ En,kpaqa
1.
Part (2) follows from the observation that for any a P An,
Nn,kpaq “
ÿ
bPBn,k
b_ab “ pMn,k ˝ Ta,n,k ˝Hn,kqp1q.
Since each map Mn,k, Ta,n,k, and Hn,k is an pAn, Anq-bimodule homomor-
phism, then for any a1 P An,
a1pMn,k ˝ Ta,n,k ˝Hn,kqp1q “ pMn,k ˝ Ta,n,k ˝Hn,kqpa
1q
“ pMn,k ˝ Ta,n,k ˝Hn,kqp1qa
1.

For 0 ď k ă n, the elements Nn,kp1q will play a central role in this paper.
We therefore set
Cn,k :“ Nn,kp1q “
ÿ
bPBn,k
b_b.
Note that for all 0 ď k ă n, Cn,k belongs to ZpAnq. In [12], the element
Cn,k is referred to as the En,k-index of the Frobenius extension An of Ak.
When k “ 0 and En,0 : An Ñ C is symmetric, Cn,0 is referred to as the
central Casimir element in [5].
Lemma 2.10. [5, Proposition 3.5] When An is a symmetric Frobenius al-
gebra with respect to En,0 then
Cn,0 “
ÿ
bPBn,0
b_b “
ÿ
bPBn,0
bb_.
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In general, ÿ
bPBn,k
b_b ‰
ÿ
bPBn,k
bb_ (10)
(see Example 2.11.2 below). Because the element on the right side of (10)
will appear again later, we denote it by
Cιn,k :“
ÿ
bPBn,k
bb_.
Example 2.11. (1) When An “ CrSns and Ak “ CrSks then
Cιn,k “ Cn,k “
ÿ
gPSn{Sk
gg´1 “
ˇˇˇ
Sn{Sk
ˇˇˇ
“ pnqpn ´ 1q . . . pk ` 1q.
(2) Let λ “ ωi`ωj for i, j P Z so that the level of λ is d “ 2. Then with
the help of Lemma 5.12 in [20] a routine calculation shows:
C3,2 “ 2px1 ` x2 ` x3q ´ 3pi ` jq P H
λ
3 .
On the other hand
Cι3,2 “ 2ps2s1x1s1s2 ` s2x2s2 ` x3q ´ 3pi` jq
“ p6x3 ´ 4x3s2 ´ 2s2s1s2q ´ 3pi` jq P H
λ
3 .
It is not hard to show that in this case Cι
3,2 is not even in ZpH
λ
3
q.
3. The representation theory of Frobenius towers
We begin by setting some notation related to the representation theory
of tAnuě0 and recalling some fundamental facts. Much of this section is
modeled after the representation theory for degenerate cyclotomic Hecke
algebras (Example 2.1.4) in [15, Part I]. In this section we assume that
tAnuě0 is a Frobenius tower. We denote the indexing set of isomorphism
classes of simple An-representations by Γn (note that this is a finite set since
An is assumed to be finite-dimensional) and set
Γ :“
ď
ně0
Γn.
For λ P Γn let L
λ be the simple An-module corresponding to λ. Each L
λ
has a unique projective cover which we denote by P λ. The set tP λuλPΓn
gives a complete list of isomorphism classes of indecomposable projective
An-modules. Recall from Section 2 that we write An -Mod for the category
of finite-dimensional An-modules. We furthermore set An - Pmod to be the
category of finite-dimensional projective An-modules.
We denote by G0pAn -Modq the triangulated Grothendieck group of finite
dimensional An-modules. That is, G0pAn -Modq is the abelian group gener-
ated by the set trM s |M P An -Modu subject to the relations such that for
M,N,K P An -Mod,
rM s ` rN s “ rKs
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if there is a short exact sequence
0ÑM Ñ K Ñ N Ñ 0.
G0pAn -Modq is a free abelian group with basis trL
λs | λ P Γnu. We denote
by K0pAn - Pmodq the split Grothendieck group of finite dimensional pro-
jective An-modules, so that K0pAn - Pmodq is the abelian group generated
by trP s | P P An - Pmodu with the property that for P,P
1, P 2 P An - Pmod,
rP s ` rP 1s “ rP 2s
if and only if
P ‘ P 1 – P 2.
K0pAn - Pmodq is a free abelian group with basis trP
λs | λ P Γnu. We set
G0pAq “
à
ně0
G0pAn -Modq and K0pAq “
à
ně0
K0pAn - Pmodq.
Note that since both Indn`1n and Res
n`1
n are exact functors that send
projectives to projectives, they descend to linear operators on G0pAq and
K0pAq. By abuse of notation we denote both the genuine functors Ind
n`1
n
and Resn`1n and their corresponding linear operators on G0pAq and K0pAq
using the same notation.
There is a form x¨, ¨y : K0pAq ˆG0pAq Ñ Zě0 such that for m,n ě 0 and
P P Am - Pmod, L P An -Mod then
xrP s, rLsy “ dimpHomAnpP,Lqq if m “ n
and xrP s, rLsy “ 0 otherwise. In fact, reducing to the basis for K0pAq,
trP λsuλPΓ, and the basis for G0pAq, trL
λsuλPΓ, x¨, ¨y can be defined by the
property that for λ, η P Γ
xrP λs, rLηsy “ δλ,η. (11)
The equality in (11) relies on basic properties of projective covers.
Since tAnuně0 is a Frobenius tower, Ind
n`1
n and Res
n`1
n are biadjoint and
hence for any µ P Γn and λ P Γn`1
xIndn`1n rP
µs, rLλsy “ xrPµs,Resn`1n rL
λsy (12)
and
xResn`1n rP
λs, rLµsy “ xrP λs, Indn`1n rL
µsy.
We define the following elements:
‚ κpµ, λq for µ P Γn and λ P Γn`1 such that for rP
µs P K0pAn - Pmodq,
Indn`1n rP
µs “
ÿ
λPΓn`1
κpµ, λqrP λs. (13)
‚ κ˚pµ, λq for µ P Γn and λ P Γn`1 such that for rL
µs P G0pAn -Modq,
Indn`1n rL
µs “
ÿ
λPΓn`1
κ˚pµ, λqrLλs. (14)
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‚ κ¯pλ, µq for µ P Γn and λ P Γn`1 such that for rP
λs P K0pAn`1q,
Resn`1n rP
λs “
ÿ
µPΓn
κ¯pλ, µqrPµs. (15)
‚ κ¯˚pλ, µq for µ P Γn and λ P Γn`1 such that for rL
λs P G0pAn`1q,
Resn`1n rL
λs “
ÿ
µPΓn
κ¯˚pλ, µqrLµs. (16)
Remark 3.1. Note that it follows from the definition of K0p¨q that (13)
and (15) can be lifted to the level of modules
Indn`1n P
µ –
à
λPΓn`1
pP λq‘κpµ,λq
and
Resn`1n P
λ –
à
µPΓn
pPµq‘κ¯pλ,µq.
Of course, a similar decomposition does not occur in general for Indn`1n L
µ
and Resn`1n L
λ when the algebras tAnuně0 are not semisimple. In this case
(14) and (16) can be interpreted at the level of modules via composition
series.
The following proposition is essentially a generalization of Corollary 9.3.2
in [15].
Proposition 3.2. For all n ě 0 and µ P Γn and λ P Γn`1,
‚ κpµ, λq “ κ¯˚pλ, µq,
‚ κ˚pµ, λq “ κ¯pλ, µq.
Proof. It follows from (11) and (13) that
xIndn`1n rP
µs, rLλsy “ κpµ, λq
while from (11) and (16)
xrPµs,Resn`1n rL
λsy “ κ¯˚pλ, µq.
From (12) we then get that κpµ, λq “ κ¯˚pλ, µq. The proof that κ˚pµ, λq “
κ¯pλ, µq is analogous. 
Given Proposition 3.2, we henceforth use the notation κpµ, λq and κ˚pµ, λq
exclusively. We extend κ and κ˚ to all of Γˆ Γ by setting
κpµ, λq “ κ˚pµ, λq “ 0
when there is no n ě 0 such that |µ| “ n and |λ| “ n` 1.
By a classical result, as a left An-module An can be decomposed into a
direct sum of indecomposable projective An-modules so that
An –
à
µPΓn
pPµqdimpL
µq. (17)
This is a generalization of the well-known decomposition of the left regular
representation of a finite group into a direct sum of simple representations.
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We will use the notation teµ,1, eµ,2, . . . , eµ,dimpLµqu for a complete set of cen-
tral, orthogonal idempotents corresponding to the summands pPµq‘ dimpL
µq.
3.1. Elements of ZpAn`1, Anq and representations of An. Suppose that
x P ZpAn`1, Anq, and that M P An`1 -Mod. Then there is an induced
action of x on Resn`1n pMq. Indeed, x P EndAnpRes
n`1
n Mq since for any
m P Resn`1n pMq and a P An,
apxmq “ xpamq.
Let λ P Γn`1 and recall the decomposition
Resn`1n P
λ –
à
µPΓn
pPµq‘κ
˚pµ,λq. (18)
The action of x is stable on each summand in this decomposition since x nec-
essarily commutes with the idempotent in An correspond to this summand.
It follows that x P EndAnpP
µq for each µ P Γn, and this action depends on
λ P Γn`1 where P
µ Ď Resn`1n pP
λq.
Recall that for α P C, the generalized α-eigenspace of x P EndCpMq in M
is defined to be
M rαs :“ t m PM | px´ αqkm “ 0 for k ąą 0u.
Since px´ aq commutes with An it follows that as an An-module
M –
à
αPC
M rαs.
In the remainder of this section we will assume that txnuně1 is a sequence
of elements such that for all n ě 0,
(a) xn`1 P ZpAn`1, Anq,
(b) xn`1 has constant generalized eigenvalue on pP
µq‘κ
˚pµ,λq Ď Resn`1n P
λ
for each µ P Γn, λ P Γn`1.
Under this assumption, to each λ P Γn`1 and µ P Γn we can associate α
λ
µ P C
which is the generalized eigenvalue of xn`1 on pP
µq‘κ
˚pµ,λq in Resn`1n P
λ.
Example 3.3. The model for the sequence txnuně0 described above is the
collection of Jucys-Murphy elements in tCrSnsuně0 and related algebras.
For reference we list some of these elements below:
(1) The classical Jucys-Murphy elements tJnuně0 in tCrSnsuně0, are
defined by J1 :“ 0 and for n ą 1,
Jn :“ p1, nq ` p2, nq ` ¨ ¨ ¨ ` pn´ 1, nq P CrSns.
tJnuně0 satisfy assumptions (a) and (b).
(2) The tower of Sergeev algebras tSnuně0 has its own version of Jucys-
Murphy elements which by abuse of notation we also denote by
tJnuně0. These are defined so that J1 :“ 0 and
Jn :“
n´1ÿ
i“1
p1` cicnqpi, nq.
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(3) Just as Sergeev algebras are just a specific example of Frobenius
wreath product algebras tFbn b Snuně0, the Jucys-Murphy ele-
ments of tSnuně0 are just a specific case of Jucys-Murphy elements
in tFbn b Snuně0. These are defined so that J1 :“ 0 and
Jn “
n´1ÿ
i“1
ti,np1, nq
where
ti,n “
ÿ
bPBF
p1bi´1 b bb 1bn´i´1 b b_q.
(4) Finally, the image of txnuně1 in the quotient algebras tH
λ
nuně0 sat-
isfy assumptions (a) and (b).
For a representation N P An -Mod write TrN : An Ñ C for the usual
trace function on images of An in EndCpNq. The normalized trace
ĂTrN :“ TrN
dimpNq
is a familiar tool in asymptotic representation theory. In what follows how-
ever, we will need to work with the Frobenius homomorphism En,0 : An Ñ C
(rather than trace functions) and associate it to a specific projective repre-
sentation P . We do this by pre-composing with multiplication by the corre-
sponding idempotent eP . That is, we consider the map En,0peP ¨ q : An Ñ C.
In order to arrive at the correct analogue of normalized trace in this setting
we rescale eP to reP “ eP
dimpP q
.
Note that reP is not an idempotent unless P is 1-dimensional.
Although it is not an element of An, for any µ P Γn we can calculate
TrPµpxn`1q after specifying that P
µ Ď Resn`1n P
λ for some λ P Γn`1. Then
for k ě 0 and eµ P ZpAnq the central idempotent corresponding to some
Pµ Ď Resn`1n P
λ,
TrAnpeµx
k
n`1q “ TrPµpx
k
n`1q “ dimpP
µqpαλµq
k
and
TrAnpreµxkn`1q “ pαλµqk.
Proposition 3.4 gives a relationship between the trace on An`1 with re-
spect to left multiplication against An`1, En`1,0, and Cn`1,0.
Proposition 3.4. [5, Corollary 3.10] Let An`1 be a symmetric Frobenius
algebra with respect to En`1,0 : An`1 Ñ C and TrAn`1 : An`1 Ñ C be
the trace on An`1 with respect to An`1 as a left An`1-module. Then for
a P An`1,
TrAn`1paq “ En`1,0pCn`1,0aq.
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Corollary 3.5. [5, Corollary 3.11] For λ P Γn`1, let eλ P ZpAn`1q be a
central idempotent corresponding to P λ. For a P An`1,
TrPλpaq “ En`1,0pCn`1,0eλaq
and ĂTrPλpaq “ En`1,0pCn`1,0 reλaq.
Corollary 3.6. Let λ P Γn`1 and let eλ,i and eλ,j both be central idem-
potents of An`1 such that as An`1-modules eλ,iAn`1 – eλ,jAn`1 – P
λ.
Then
En`1,0pCn`1,0eλ,iaq “ En`1,0pCn`1,0eλ,jaq.
Proposition 3.4 has an analogue for Frobenius towers where A0 “ C.
Proposition 3.7. Let tAnuně0 be a Frobenius tower with A0 “ C and
assume An and An`1 are symmetric Frobenius algebras with respect to En,0
and En`1,0 respectively. Let TrAn`1 : An`1 Ñ C be the trace on An`1 with
respect to An`1 as a left An`1-module and TrAn : An Ñ C be the trace on
An with respect to An as a left An-module. Then for a P ZpAn`1, Anq
TrAn`1paq “ TrAnpEn`1,npC
ι
n`1,naqq.
Proof. Recall that
B “ tbpnqbpn`1q | bpnq P Bn,0, b
pn`1q P Bn`1,nu
and
B_ “ tpbpn`1qq_pbpnqq_ | bpn`1q P Bn`1,n, b
pnq P Bn,0u
are dual bases for An`1 with respect to En`1,0 “ En,0 ˝En`1,n. Proposition
3.4 implies that for a P ZpAn`1, Anq we have
TrAn`1paq “ En`1,0pCn`1,0aqq
“
ÿ
bpn`1qPBn`1,n,
bpnqPBn,0
En`1,0ppb
pn`1qq_pbpnqq_bpnqbpn`1qaq.
By Lemma 2.10 this is equal toÿ
bpn`1qPBn`1,n,
bpnqPBn,0
En`1,0pb
pnqbpn`1qpbpn`1qq_pbpnqq_aq.
as En`1,0 is assumed to be symmetric. Recalling that En`1,n is an pAn, Anq-
bimodule homomorphism and a P ZpAn`1, Anq commutes with pbq
_ P An
we get ÿ
bpn`1qPBn`1,n,
bpnqPBn,0
En,0pEn`1,npb
pnqbpn`1qpbpn`1qq_pbpnqq_aqq
“
ÿ
bpnqPBn,0
En,0pb
pnqEn`1,npC
ι
n`1,naqpb
pnqq_q. (19)
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Since En,0 is symmetric, (19) is equivalent toÿ
bpnqPBn,0
En,0
´
pbpnqq_bpnqEn`1,n
´
Cιn`1,na
¯¯
.
“ En,0
´
Cn,0En`1,n
´
Cιn`1,na
¯¯
.
Applying Proposition 3.4 then gives the desired result. 
The following theorem will allow us to connect the down/up transition
functions which will be introduced in Section 4 with the centers tZpAnquně0.
Theorem 3.8. Let µ P Γn and let eµ P ZpAnq be a central idempotent
corresponding to Pµ. Assume that xn and xn`1 satisfy assumptions (a) and
(b).
(1) For all k ě 0, En`1,npCn`1,0x
k
n`1q P ZpAnq and
En,0
´reµEn`1,npCn`1,0xkn`1q¯ “ ÿ
λPΓn`1
κ˚pµ, λqdimpLλq
dimpLµq
pαλµq
k.
(2) For all k ě 0, Nn0 px
k
nq P ZpAnq and
En,0
´reµNn0 pxknq¯ “ ÿ
ηPΓn´1
κ˚pη, µqdimpP ηq
dimpPµq
pαµη q
k.
Proof. (1) Cn`1,0 P ZpAn`1, Anq by Proposition 2.9.2. Since xn`1 is
also in ZpAn`1, Anq by assumption, then Cn`1,0x
k
n`1 P ZpAn`1, Anq.
It then follows from Proposition 2.9.1 that En`1,npCn`1,0x
k
n`1q P
ZpAnq.
Recall that we write
Resn`1n P
λ “
à
γPΓn
pP γq‘κ
˚pγ,λq.
Hence the trace of the action of xkn`1 on Res
n`1
n P
λ is precisely,
Tr
Res
n`1
n P
λpxkn`1q “
ÿ
γPΓn
κ˚pγ, λqdimpP γqpαλγq
k (20)
Let eλ,µ be a central idempotent corresponding to pP
µq‘κ
˚pλ,µq Ď
Resn`1n P
λ. Then
Tr
Resn`1n P
λpeλ,µx
k
n`1q “ κ
˚pλ, µqdimpPµqpαλµq
k.
Because of the decomposition (17) if we let fµ be the idempotent
corresponding to pPµqdimpL
µq Ď An,
fµ :“
dimpLµqÿ
i“1
eµ,i
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and if we set
pfµ :“ fµ
dimpPµq
“
dimpLµqÿ
i“1
reµ,i,
then applying (20) to decomposition (17) we have
TrAn`1pfµx
k
n`1q “
ÿ
λPΓn
κ˚pµ, λqdimpLλqdimpPµqpαλµq
k
and
TrAn`1p
pfµxkn`1q “ ÿ
λPΓn
κ˚pµ, λqdimpLλqpαλµq
k. (21)
Next by Proposition 3.4
TrAn`1p
pfµxkn`1q “ En`1,0pCn`1,0 pfµxkn`1q (22)
“ En,0
´
En`1,npCn`1,0 pfµxkn`1q¯
“ En,0
´ pfµEn`1,npCn`1,0xkn`1q¯
“ dimpLµqEn,0
´reµEn`1,npCn`1,0xkn`1q¯
where the third equality follows from the fact that Cn`1,0 P ZpAn`1q
and the last equality follows from Corollary 3.6. Combining (21) and
(22) then gives the desired result.
(2) It follows from Proposition 2.9.2 that Nn0 px
k
nq P ZpAnq.
Because we are assuming that En,0 is symmetric and because reµ P
ZpAnq,
En,0preµNn0 pxknqq “ En,0´reµ ÿ
bPBn,0
b_xknb
¯
“ En,0
´reµ ÿ
bPBn,0
bb_xkn
¯
.
Then by Lemma 2.10 and Proposition 3.4 we have,
En,0
´reµ ÿ
bPBn,0
bb_xkn
¯
“ En,0
´reµCn,0xkn¯
“
1
dimpPµq
TrPµpx
k
nq.
Because Pµ decomposes as
Resnn´1 P
µ “
à
ηPΓn´1
pP ηq‘κ
˚pη,µq
and xn has constant generalized eigenvalue α
µ
η on each P η, then
1
dimpPµq
TrPµpx
k
nq “
ÿ
ηPΓn´1
κ˚pη, µqdimpP ηq
dimpPµq
pαµη q
k.
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
4. Two coherent systems on free Frobenius towers
Recall that a graded graph is a triple G “ pV, ρ,Eq where V is a discrete
set of vertices, ρ : V Ñ Z is a rank function, and E is a multiset of edges
such that px, yq P E for x, y P V implies that ρpyq “ ρpxq ` 1 (see [8] for
more details). Observe that ρ induces a decomposition of V into graded
components V “
Ť
kPZ Vk. We begin this section by defining two graded
graphs, GΓ and G
˚
Γ
which will be central to this paper.
Definition 4.1.
(1) Let GΓ be the graded graph such that:
(a) the vertex set ofGΓ is equal to Γ, and the nth graded component
is Γn,
(b) the vertices µ P Γn and λ P Γn`1 only have an edge between
them if κpµ, λq ą 0.
(2) Let G˚
Γ
be the graded graph such that:
(a) the vertex set ofGΓ is equal to Γ, and the nth graded component
is Γn,
(b) the vertices µ P Γn and λ P Γn`1 only have an edge between
them if κ˚pµ, λq ą 0.
The coherent system formalism was first defined in [4, Section 1] in the
context of graded sets. Our usage of this concept in terms of graded graphs
is closer to the set-up in [21, Section 2.2], but the distinction between all
these cases is essentially superficial.
We begin by reviewing some definitions. For a graded graph G with vertex
set V and graded components V0, V1, V2, . . . a down transition function pÓ :
V ˆ V Ñ r0, 1s is a function that satisfies the following criteria.
‚ For pλ, µq P V ˆ V , pÓpλ, µq ą 0 if and only if λ P Vn`1 and µ P Vn
for some n P Z and λ and µ are connected by an edge.
‚ For fixed λ P Vn`1, ÿ
µPVn
pÓpλ, µq “ 1.
Let tMnuně0 be a collection of probability measures such that Mn is a
probability measure on Vn. The measures tMnuně0 are said to be coherent
with respect to down transition function pÓ if for any µ P Vn,ÿ
λPVn`1
Mn`1pλqpÓpλ, µq “Mnpµq.
In this paper we assume that for all n ě 0 and µ P Vn,Mnpµq ą 0. When this
assumption is satisfied, then down transition function pÓ : V ˆ V Ñ r0, 1s
and coherent measures tMnuně0 together define an up-transition function
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pÒ : V ˆ V Ñ r0, 1s such that when µ P Vn and λ P Vn`1,
pÒpµ, λq “
Mn`1pλq
Mnpµq
pÓpλ, µq
and otherwise
pÒpµ, λq “ 0.
By construction the up-transition function pÒ satisfiesÿ
λPVn`1
MnpµqpÒpµ, λq “Mn`1pλq.
The triple ppÓ, tMnuně0, pÒq is called a coherent system.
Recall that tAnuně0 is a free Frobenius tower and the simple representa-
tions of An are indexed by the set Γn. We introduce the probability measure
Pln : Γn Ñ r0, 1s defined such that for µ P Γn,
Plnpµq “
dimpLµqdimpPµq
dimpAnq
.
That this is a probability measure follows from (17). The measures tPlnuně0
are one generalization of Plancherel measure to the non-semisimple setting.
For µ P Γn and η P Γn´1, set
pÓpµ, ηq “
κpη, µqdimpLηq
dimpLµq
and
p˚Ópµ, ηq “
κ˚pη, µqdimpP ηq
dimpPµq
.
Proposition 4.2. The measures tPlnuně0 are coherent with respect to pÓ
on GΓ and p
˚
Ó on GΓ˚ .
Proof. For µ P Γn we first observe that since An`1 is assumed to be a free
right An-module, as a right An-module An`1 must have rank
dimpAn`1q{dimpAnq and
dim
`
Indn`1n P
µ
˘
“
dimpAn`1qdimpP
µq
dimpAnq
. (23)
On the other hand using the notation of (13),
dim
`
Indn`1n P
µ
˘
“
ÿ
λPΓn`1
κpµ, λqdimpP λq. (24)
Then using the equivalence between (23) and (24) we haveÿ
λPΓn`1
Mn`1pλqpÓpλ, µq “
ÿ
λPΓn`1
κpµ, λqdimpLµqdimpP λq
dimpAn`1q
“
dimpPµqdimpLµq
dimpAnq
“Mnpµq.
The proof that tPlnuně0 is coherent with respect to p
˚
Ó is analogous. 
COHERENT SYSTEMS FOR FREE FROBENIUS TOWERS 21
Observe that it follows by definition that the up-transition function asso-
ciated to ppÓ, tPlnuně0q is defined so that for µ P Γn and λ P Γn`1,
pÒpµ, λq “
dimpAnq
dimpAn`1q
κpµ, λqdimpP λq
dimpPµq
while the up-transition function associated to pp˚Ó , tPlnuně0q is
p˚Òpµ, λq “
dimpAnq
dimpAn`1q
κ˚pµ, λqdimpLλq
dimpLµq
.
Remark 4.3. Observe that in the coherent system ppÓ, tPlnuně0, pÒq on GΓ,
the dimension of simple representations control the down transition prob-
abilities while the dimension of indecomposable projective representations
control the up probabilities. For the coherent system pp˚Ó , tPlnuně0, p
˚
Òq on
GΓ˚ the reverse is true. When all tAnuně0 are semisimple then the distinc-
tion between simple An-modules and indecomposable projective An-modules
disappears and hence ppÓ, tPlnuně0, pÒq and pp
˚
Ó , tPlnuně0, p
˚
Òq (as well as the
underlying graphs GΓ and GΓ˚) are identical.
Because of assumptions (a)-(b), the elements txnuně0 define coordinates
for elements of Γ. Specifically, to µ P Γn we associate a finite collection of
elements from C,
tαµη | η P Γn´1, κpη, µq ą 0u
ď
tαλµ | λ P Γn`1, κpµ, λq ą 0u.
We get another set of coordinates for µ by substituting κ˚p¨, ¨q for κp¨, ¨q
above. In specific examples it is often the case that the sets above take
entries in Z. This is true for Examples 3.3.1-3.3.2 and 3.3.4. When it is the
case that the coordinates for Γ take values in R then to each µ P Γ we can
associate two probability measures νÒ,µ and νÓ,µ on R:
‚ The transition measure is
νÒ,µ “
ÿ
λPΓn`1
pÒpµ, λqδαλµ .
‚ The co-transition measure is
νÓ,µ “
ÿ
ηPΓn´1
pÓpµ, ηqδαµη .
Where for a P R, δa is the Dirac delta measure on R. We can analogously
define ν˚Ò,µ and ν
˚
Ó,µ associated to p
˚
Òpµ, λq and p
˚
Ópµ, ηq respectively.
For k ě 0, we can take the kth moments with respect to νÒ,µ, νÓ,µ, ν
˚
Ò,µ,
and ν˚Ó,µ. We denote these as mÒ,kpµq, mÓ,kpµq, m
˚
Ò,kpµq, and m
˚
Ó,kpµq respec-
tively. They will be:
mÒ,kpµq :“
ÿ
λPΓn`1
pÒpµ, λqpα
λ
µq
k, (25)
mÓ,kpµq :“
ÿ
ηPΓn´1
pÓpµ, ηqpα
µ
η q
k, (26)
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m˚Ò,kpµq :“
ÿ
λPΓn`1
p˚Òpµ, λqpα
λ
µq
k, (27)
m˚Ó,kpµq :“
ÿ
ηPΓn´1
p˚Ópµ, ηqpα
µ
η q
k. (28)
As suggested by the notation, we may regard mÒ,k as a function from
ΓÑ R via the association:
µ
mÒ,k
ÞÝÝÝÑ mÒ,kpµq.
We can view mÓ,k, m
˚
Ò,k, and m
˚
Ó,k analogously.
One may ask which pair of coherent systems ppÓ, tPlnuně0, pÒq or
pp˚Ó , tPlnuně0, p
˚
Òq is more natural from an algebraic perspective. The next
theorem shows that at least the moment functions m˚Ò,k, m
˚
Ó,k, associated
with coherent system pp˚Ó , tPlnuně0, p
˚
Òq are captured by elements in tZpAnquně0.
Theorem 4.4. Let tAnuně0 be a free Frobenius tower and assume that En,0
is symmetric for all n ě 0. Let txnuně0 be elements satisfying assumptions
(a) and (b), and let µ P Γ with eµ an idempotent corresponding to P
µ. Then
(1) En,0
´reµEn`1,npCn`1,0xkn`1q¯ “ m˚Ò,kpµq.
(2) En,0
´reµ,iNn0 pxknq¯ “ dimpAnqdimpAn´1qm˚Ó,kpµq.
Proof. This follows from Theorem 3.8 and definitions (27)-(28). 
Specific examples of the functions m˚Ò,k and m
˚
Ó,k have appeared before
in the asymptotic representation theory literature. To our knowledge how-
ever, this is the first time that they have been written down for a general
Frobenius tower, especially when the tower is not assumed to be semisim-
ple. In [13] where An “ CrSns and Γ is the set of all Young diagrams,
tm˚k,Òpµqukě0, tm
˚
k,Ópµqukě0 were studied in relation to asymptotic proper-
ties of the Plancherel measure on symmetric groups. In this setting the co-
ordinates of µ are Kerov’s famous interlacing coordinates and Theorem 4.4.1
is an observation by Biane in [2]. Lassalle proved that tm˚k,Óukě0 (properly
scaled) and tm˚k,Òukě0 are each sets of generators of the shifted symmetric
functions [18, Theorem 6.4].
A similar story was discovered for the tower tSnuně0 in [21], where Petrov’s
g
Ò
k and g
Ó
k`1 are identical to our m
˚
2k,Ò and m
˚
2k,Ó. It was also shown in [21]
that in this case tm˚
2k,Òukě0 and tm
˚
2k,Óukě0 are each sets of generators for
the subalgebra of the symmetric functions generated by odd power sum
functions. The connection between tZpSnquně0 and tm
˚
2k,Òukě0, tm
˚
2k,Óukě0
was observed in [17, Theorem 2.17].
More recently, the functions tm˚k,Òukě0 and tm
˚
k,Óukě0 have appeared in
the context of categorical representation theory. In [16], the versions as-
sociated to the tower tCrSnsuně0 (i.e. moments of Kerov’s transition and
co-transition measure) were shown to arise naturally as elements of the cen-
ter of Khovanov’s Heisenberg category [14, Theorem 5.5]. In [17, Theorem
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5.5], m˚
2k,Ó and m
˚
2k,Ò corresponding to tSnuně0 appeared as elements of the
center of the twisted Heisenberg category of Cautis and Sussan [6].
4.1. Future directions. Below we suggest a number of directions for future
research.
(1) New families of limit shapes: The framework described above
should make it possible to define new families of limit shapes for cer-
tain free Frobenius towers. For example, the simple representations
of Hλn are parametrized by proper subsets of multipartitions, which
“grow” from specific integer locations on Z determined by λ. This
growth process should include structure not seen in the classical case
of symmetric groups.
(2) Deeper connections to Heisenberg categories: As was noted
above, the functions tm˚k,Òukě0 and tm
˚
k,Óukě0 appear at least twice
in categorifications of Heisenberg algebras. This observation is inter-
esting, but what would be more interesting is to understand how far
this connection extends and whether Heisenberg categories can shed
any new light on problems in asymptotic representation theory. In
particular, it seems possible that the diagrammatics of Heisenberg
categories might offer a new avenue for studying questions in asymp-
totic representation theory.
(3) Connections to symmetric functions: In two of the examples
that have been extensively studied (tCrSnsuně0 and tSnuně0), the
corresponding functions tm˚k,Òukě0 and tm
˚
k,Óukě0 can be identified
with certain sets of generators for algebras related to symmetric func-
tions. There is evidence that similar results may hold more broadly
(for example, when tAnuně0 is a tower of degenerate cyclotomic
Hecke algebras). It would be interesting to better understand the
properties (especially combinatorial) of the commutative algebras
generated by tm˚k,Òukě0 and tm
˚
k,Óukě0 respectively.
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